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MORITA EQUIVALENCE IN THE CONTEXT OF HILBERT
MODULES

JAN PASEKA

ABSTRACT. The Morita equivalence of m-regular involutive quantales
in the context of the theory of Hilbert A-modules is presented. The
corresponding fundamental representation theorems are shown. We also
prove that two commutative m-regular involutive quantales are Morita
equivalent if and only if they are isomorphic.

In the paper [5] F. Borceux and E.M. Vitale made a first step in extend-
ing the theory of Morita equivalence to quantales. They considered unital
quantales and the category of all left modules over these unital quantales
which are unital in a natural sense. They proved that two such module
categories over unital quantales A and B, say, are equivalent if and only if
there exist a unital A — B bimodule M and a unital B — A bimodule N such
that M @ g N ¥~ Aand N ®4 M ~ B.

The aim of this paper is to extend this theory in the following way: to
cover also the case of m-regular (generally non-unital) involutive quantales
and Hilbert modules over them. Our motivation to work in this setting
comes from the theory of operator algebras, where there is a theory of Morita
equivalence for C*-algebras for the non-unital case (see [4], [8] and [12]). Our
presentation is a combination of those in [1], [4] and [5].

This paper is closely related to the papers [9] and [11] where the interested
reader can find unexplained terms and notation concerning the subject. For
facts concerning quantales and quantale modules in general we refer to [13].
The algebraic background may be found in any account of Morita theory
for rings, such as [1] or [3].

The paper is organized as follows. First, we recall the notion of a right
Hilbert A-module and related notions. In Section 1 the necessary basic
properties of right Hilbert modules are established. Moreover, a categorical
characterization of surjective module maps in the category of m-regular right
Hilbert modules is given. In section 2 the key result is the Eilenberg-Watts
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theorem which states that colimit preserving x-functors between categories
of Hilbert modules correspond to right Hilbert bimodules. Our second result
is the fundamental Morita theorem for Hilbert modules. As a consequence
we get that two m-regular involutive quantales are strongly Morita equiva-
lent if and only if they are Morita equivalent. Moreover, two commutative
m-regular involutive quantales are Morita equivalent if and only if they are
isomorphic.

The present work was largely developed during the author’s visit to the
Mathematics Department at the Université Catholique de Louvain, whose
members he would like to thank for their warm hospitality.

PRELIMINARIES

Let us begin by establishing the common symbols and notations in this
paper.

In what follows, a complete lattice will be called sup-lattice. Sup-lattice
homomorphisms are maps between sup-lattices preserving arbitrary joins.
We shall denote, for S, T sup-lattices, SUP(S,T) the sup-lattice of all sup-
lattice homomorphisms from S to T, with the supremum given by the point-
wise ordering of mappings. If S = T we put Q(S) = SUP(S,S). Recall
that a quantale is a sup-lattice A with an associative binary multiplication

satisfying
x\/mzz\/xxl and (\/xz)x:\/xzw
icl icl icl icl

for all xz,z; € A, i € I (I is a set). 1 denotes the greatest element of A, 0
is the smallest element of A. A quantale A is said to be unital if there is an
element e € A such that e-a =a =a-e for all a € A. An opposite quantale
A? to A is a sup-lattice with the same join operation as A and with the
multiplication aob = b-a. A subquantale A’ of a quantale A is a subset of A
closed under \/ and -. Since the operators a-— and —-b: A — A, a,be A
preserve arbitrary joins, they have right adjoints. Explicitly, they are given
by

a—>rc:\/{S€A|a-s§c} and b—qd:\/{tGAlt‘bgd}

respectively.
An involution on a sup-lattice S is a unary operation such that

a** —

a7
Vai)* = Vai
for all a,a; € S. An involution on a quantale A is an involution on the
sup-lattice A such that

(a-b)* = b"-a*

for all a,b € A. A sup-lattice (quantale) with the involution is said to be
involutive.
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By a morphism of (involutive) quantales will be meant a \/- (*-) and --
preserving mapping f : A — A’. If a morphism preserves the unital element
we say that it is unital.

Let A be a quantale. A right module over A (shortly a right A-module)
is a sup-lattice M, together with a module action

—o—:MxA—-M

satisfying

(M1) mo(a-b)=(moa)ob

M2) (VX)oa=\{zoa:ze X}

(M3) mo\/S=\V{mos:seS}
foralla,be A, me M, S CA, X C M. So we have two maps

— =, — MxA—-M, ——p—:MxM-—A
such that, for all a € A, m,n € M,
moa<n iff a<m—pn iff m<a—pn.

M is called a unital A-module if A is a unital quantale with the unit e and
moe=m for all m € M.

Let M and N be modules over A and let f : M — N be a sup-lattice
homomorphism. f is a module homomorphism if f(moa) = f(m)oa for all
a € A,m € M. We shall denote by MOD 4 the category of right A—modules
and module homomorphisms.

For a module X in MOD4 the submodule ess(X) = X ¢ A generated by
the elements z ¢ a is called the essential part of X. If ess(X) = X we say
that X is essential. The full subcategory of essential A-modules is denoted
ess — MOD,. We shall say that A is right separating for the A-module M
and that M is (right) separated by A if mo (=) = no (—) implies m = n.
We say that M is m-regular if it is both separated by A and essential. An
involutive quantale A is called m-regular if it is m-regular as an A-module.
Then, evidently 1-1=11in A and a-(—) =b- (—) implies a = b.

Note that we may dually define the notion of a (unital) left A-module
with a left multiplication e. We then have two maps

—— = MxM-—A ——,—:AxM-—->M
such that, for all a € A, m,n € M,
aem<n iff a<m-—;n iff m<a—, n

The theory of Hilbert A-modules (we refer the reader to [9] for details and
examples) is a generalization of the theory of complete semilattices with a
duality and it is the natural framework for the study of modules over an
involutive quantale A endowed with A-valued inner products.

Let A be an involutive quantale, M a right (left) A-module. We say that
M is a right (left) Hilbert A-module (right (left) strict Hilbert A-module),



226 JAN PASEKA
right (left) pre-Hilbert A-module if M is equipped with a map
(—,—):MxM— A

called the inner product, such that for all a € A, m,n € M and m; € M,
where i € I, the conditions (0.1)—(0.5) ((0.1)—(0.6), (0.1)—(0.4)) are satisfied.

(0.1) (m,n)-a=(m,noa) (a-{(m,n)=(aem,n));
(0.2) \/(ml,n> = (\/ mi, N);

i€l el
(0.3) \/(m,mi) = (m, \/ m);

iel iel
(0.4) (m,n)* = (n,m);
(0.5) (= ,m) = (=,n) ((m,—) = (n,—)) implies m = n;
(0.6) (m,m) = 0 implies m = 0.

If A is an involutive quantale, let HMOD 4 be the category of right Hilbert
A-modules with morphisms the usual A-module maps. The full subcategory
of m-regular right Hilbert A-modules is denoted mreg — HMOD 4.

Let A be an involutive quantale, f : M — N a map between right (left)
pre-Hilbert A-modules. We say that a map g : N — M is a *-adjoint to f
and f is adjointable if

(f(m),n) = (m,g(n))

for all m € M, n € N. Evidently, any adjointable map is a module homo-
morphism. If f is adjointable we put

fr= \/{g :N — M;g is a *-adjoint to f}.

Note that f < f** and f* = f**. If M and N are Hilbert A-modules the
*-adjoint to f is uniquely determined by property (0.5) i.e. f = f**. The
set of all adjointable maps from M to N is denoted by A4 (M, N). We shall
denote by mreg — Hilb4 the category of m-regular right Hilbert A-modules
and adjointable mappings. We say that an adjointable map f : M — N
is an isometry if, for all my,mo € M, (m1,ma) = (f(m1), f(m2)). This is
equivalent to f* o f = idjs. Similarly, an adjointable map f : M — N is
unitary if f*o f =idy; and f o f* = idy. Note that any surjective isometry
is necessarily unitary.

Recall that from [9] we know that, for any right Hilbert A-module M and
for all m € M, the map m”™ : A — M defined by a — m ¢ a has a *-adjoint
m* : M — A defined by n — (m,n).

Similarly, let A and B be involutive quantales, and let M and X be right
Hilbert B-modules. We say that M is a right Hilbert A — B bimodule if it
is a left A-module satisfying

(0.7) ae(zxob)=(aex)oband (aez,y)y = (r,a" e y)y
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for alla € A, z,y € M, and b € B. We say that F' is an m-regular right
Hilbert A — B bimodule if it is both an m-regular left A-module and an
m-regular right B-module. An isomorphism of right Hilbert bimodules is a
bijective \/-preserving map ®: M — N such that
(i) Plaex) =aed(zx),
(ii) ®(zob) = ®(x) b, and
(i) (®(2), D(y))p = (2, 4}
i.e. ® is an isometric surjective bimodule homomorphism. In particular, ®
is a unitary B-module map.
We say that a (full m-regular) right Hilbert A — B bimodule X is an
(imprimitivity) A — B bimodule if X is also a (full m-regular) left Hilbert
A-module in such a way that

Ar,y)ez=x0(y,2)p and Lz ob,y) = 4z, yob").

Suppose that M is a right Hilbert A-module, N is a right Hilbert A — B
bimodule. Then the sup-semilattice tensor product M ® N is a pre-Hilbert
B-module under the pre-inner product given on simple tensors by

(21 @ Y1, 22 ® Y2) gy = (Y1, (1, T2) @ Y2)

for all z1,72 € M and y1,y2 € N. We then denote by M® 4N the corre-
sponding Hilbert A-module (M ® N)g,, and we say that M® N is a interior
tensor product of M and N over A. It is shown in [11] that our interior tensor
product has similar properties as its Hilbert C*-module counterpart. Note
only that a right Hilbert A-module is m-regular if and only if M®4A ~ M
via the standard isomorphism m® sa — m ¢ a.

We shall sometimes use C4 for some of the following categories: mreg —
HMOD 4, mreg — Hilbs. Similarly, we have the categories of left modules
AMOD, ,\HMOD, mreg — sAHMOD, mreg — s Hilb).

In this paper we are concerned with functors between categories of mod-
ules. Such functors, e.g. F': mreg— Hilby — mreg— Hilbp are assumed to be
join-preserving (SUP-functors) on \/-semilattices of morphisms. Thus the
map T +— F(T) from mreg — Hilba(X, W) to mreg — Hilbg(F(X), F(W))
is join-preserving, for all pairs of objects X, W € Cy4.

In what follows let us assume that A and B are m-regular involutive
quantales. We say that a SUP-functor

F : mreg — Hilby — mreg — Hilbg

is a #-functor if F(T*) = F(T)* for all adjointable A-module maps T. In
particular, from [11] we know that the function

(—)®aN : mreg — Hilby — mreg — Hilbg

which assigns to each right Hilbert A-module M the inner tensor product
M®aN and to each adjointable map f between right Hilbert A-modules
the adjointable map f® sidr between right Hilbert B-modules is a *-functor
preserving biproducts.
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We say two x-functors
P, Fy : mreg — Hilby — mreg — Hilbp

are (naturally) unitarilly isomorphic, if they are naturally isomorphic via
a natural transformation 7 in the sense of category theory [1], with the
natural transformations being unitaries i.e. 7';’;1 () © TR (M) = idp(ar,) and
TR( MI)OT;;( M) = idp(ar,)- In this case we write Fy = Fy unitarilly. Similarly,
we say that a s-functor F' : mreg — Hilby — mreg — Hilbp is a unitary
equivalence functor if there is a x-functor G : mreg — Hilbgp — mreg— Hilby
such that we have natural unitary isomorphisms 7 : GF — Idyeq—min, and
¢: FG — ldyeg—Hilbs -

1. HILBERT MODULES

In this section we develop the basic properties of Hilbert modules not
mentioned in [9]. Let us begin with a small observation about Hilbert mod-
ules.

Lemma 1.1. For any involutive quantale A € HMOD, and any right
Hilbert A-module M, A is right separating for M.

Proof. Assume that mo (=) = no (=) i.e. moa = noa for all a € A.
Hence, for all p € M and all a € A we have that (p,moa) = (p,noa) ie.
(p,m)-a=(p,n)-aie (p,m)=(p,n). So we get that m = n. O

The preceding observation then yields

Corollary 1.2. Let A be an involutive quantale, A € HMOD . Then a
morphism f in C4 € {mreg— HMOD 4, mreg— Hilba} is mono iff the map
f is one-to-one.

Proof. Evidently, any injective morphism in C4 is a monomorphism. Con-
versely, let f: M — N be a monomorphism in Cy4, f(my) = f(mz). Then
fo(mio(=)) = fo(mao(—))ie myo(—)=mao(—). Hence m; = mq
and f is injective. O

Note that in the category Hilby over A € HMOD 4 an adjointable map is
mono iff f*is epi. This immediately yields that for any surjective adjointable
map its adjoint is one-to-one.

Lemma 1.3. The category C4 € {mreg — HMOD 4, mreg — Hilba} has
biproducts.

Proof. We know from [9] that Hilby has biproducts (with injections i; and
projections ;) and these are exactly cartesian products. The lemma follows
then from the fact that evidently any cartesian product of m-regular modules
is m-regular. O
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As usual, for any A € HMOD 4, A7 will be viewed as a Hilbert A-module
equipped with the inner-product

((aj)jers (bj)jer) = \/ ajbj.

jeJ

Let us observe that A7 will often stand for the set of column matrices over
A of the type S x 1. In that way, the above inner-product can be expressed,
for v = (aj)jes and w = (bj)jes, as (v,w) = v*w. Note that v* refers to the
conjugate-transpose matrix. We shall denote, for any a € A and all j € J,
by a; an element of A’ defined as follows:

m(aj)Z{ a ifk=

0 otherwise.

For each J-tuple 1 = (m;) ;e in the Hilbert A-module M7, we denote by
Q,, the operator in A4(A7, M) defined by

J
Q aj ]eJ \/mjoa], (aj)jes € A”.
jeJ

It is easy to see that {1}, is given by
Q,(x) = ((mj,m))j, x € M.

If v = (nj)jes is an J-tuple of elements of N, then the operator T =
Q, 00, isin Ay(M, N). In particular, for all m € M andn € N, Q,) =n"~,
Q’(km) = m* and defining

Onm(2) = (L 0 Uypyy) (@) = n o (m, z(

we have

= \/ On;m;(T), x€ M.
jeJ

Maps such as T are exactly compact operators in the sense of [9] and
the set of all compact maps will be denoted K4(M,N) or just a(M) in
case M = N. Note that a composition of a compact operator with an
adjointable one is again compact i.e. K4 (N, P)oAs(M,N) C K4(M, P) and
AA(N,P)oKa(M,N) C K4(M,P). An expository treatment of compact

operators on Hilbert A-modules may be found in [9].

Lemma 1.4. Let A be an m-regular involutive quantale and let M € mreg—
HMODy, M is full. Then KKA(M) is an m-regular involutive quantale and
M is an m-regular full left Hilbert ICa(M )-module.

Proof. Evidently, K4(M) is an involutive quantale (see [9]). Let f,g €
Ka(M). Assume that fo®©,, = go0O,, for all y,z € X. This gives us
Of(y)x = Og(y),» and since M is full then f(y) oa = g(y)oa for alla € A
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i.e. f=g. Similarly,

@y@ = @\/iel Yioai,T
el @yioai,m
el ®yi0ngJ<Uij7u'ij>vx

\/z‘el,jeJ O y,0(vijuis) @

= iel,jeJ @yi,vzj 0 Guij,w
for suitable elements y;, u;j,vij, ¢ € I,j € J. This gives us that K4(M) is

m-regular.
We shall define the module action on e : K4 (M) x M — M by

fem=f(m)
and the inner product ., (=, =) : M x M — Ka(M) by

ca()\Ys ) = Oy z.
Then evidently the pre-Hilbert module conditions are satisfied,

M = Ka(M) o M, . on(M, M) =Ka(M).

Assume that ., (v, —) = rea(aY2; —)ie yroa=yyoa forall a € A
Hence y1 = yo. ([

Proposition 1.5. Let A be an m-regular involutive quantale and let M €
mreg — HMODy. For each u = (uj)jes in M7 one has that Q,, is in
K4(A?, M) and hence also that Q, is in Ka(M, A7). Moreover, Ka(A7, M)

~ M7 as sup-lattices.
Proof. 1t is obviously enough to consider the case |J| = 1. Let y = (m) and
Vea ma © ay = m. Therefore we have for all a in A
Qula) = moa
= (Vaeamaoar)oa
Q. (a).
(@ax*)rea

Q(m)\))\EA
We have that
Q) © Uy () = Lomoar) (b)

i.e. any generator of C4(A”, M) has the form Q(m)- Since €2, is compact
for all m we have that

Ka(A7 M) = {Qy :m e M} ~ M.
0

Lemma 1.6. Let A be a unital involutive quantale and let M € mreg —
HMODy. Then HMOD (A7, M) = K4(A7, M) ~ M.

Proof. Let f: A7 — M be any module map, z = (xj)jes. Then

fl@)=\/ flej)ozj=\/ (Qf(ej) ©ij OQZ]-) ().

jed jedJ
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Hence,
F =\ Qe;) 00, € Ka(A7, M).
jeJ
]

Corollary 1.7. Let A be a unital involutive quantale. Then idys is in
Ka(A7).

Definition 1.8. Let A be an involutive quantale. A Hilbert A-module M
will be said to be a nuclear module if the identity operator idys is in Ka(M).

Note that any m-regular involutive quantale A ~ K4(A) is nuclear if
and only if it is unital. We shall now give the complete characterization of
nuclear Hilbert modules over unital involutive quantales.

Proposition 1.9. Let A be a unital involutive quantale and let M € ess —
HMODy. The following conditions are equivalent:

(1) M is nuclear.
(2) M is a retract of A in Hilby.

Proof. (1) = (2). Assume M to be nuclear. Then idy = 2,9, where p
and v are in M.

(2) = (1). Let M be a retract of A7 in Hilba, r : A’ — M the retraction
and i : M — A’ the embedding such that roi = idy;. Since id4s € Ka(A7)
we have that idy, = roidys oi € K4(M). O

Sometimes we shall need the following lemma, a part of which is contained
in [9].

Lemma 1.10. Let A be an involutive quantale and let M be a left (right) pre-
Hilbert A-module. Then the factor module Mp,, defined by the equivalence
relation

Ry ={(m,n) € M x M : (m,p) = (n,p) for all pe M}

is a left (right) Hilbert A-module. Moreover, jg : M — Mg, is an ad-
jointable map and if f : N — M is a module (adjointable) map then there
is a unique module (adjointable) map f: N — Mg, such that f=gnof;
here jug(m) = \/{n € M : (m,n) € Ry}. Similarly, if g : M — P is an
adjointable map then there is a unique adjointable map g : Mg, — P such
that g =go ju*.

Proof. The main part of this lemma was proved in [9] and the adjointability
of jp follows from its definition. Solet f : N — M be a module (adjointable)
map. We shall put f(n) = jg(f(n)). Evidently, f is a module map. Let us
check that f is adjointable. Assume n € N, jz(m) € Mpg,,. Then

(f(n),ju(m)) = (f(n),ju(m)) = (n, f*(ju(m))).

Clearly, such f is uniquely determined.



232 JAN PASEKA

Similarly, let g : M — P be an adjointable map. We define
g(m) = g(ju*(m)) = g(m).

Since g is a composition of adjointable maps it is adjointable. The uniqueness
is evident. O

Theorem 1.11. Let A be an involutive quantale. Then the category of
pre-Hilbert A-modules has limits of arbitrary diagrams.

Proof. The proof follows general category theoretic principles. We describe
the limit of the diagram

((Mi)ico, (fj: Mgy — Mcj)je)

as a set of particular elements of the product of all M;’s, the so-called com-
muting tuples.

M = {(z)ico € [ Mi:Vj € J 2oy = fi(xag)}-
€0

Evidently, M is a A-submodule of the product, that is, M is a pre-Hilbert
A-module because the coordinatewise supremum of commuting tuples is
commuting as all f; are module maps. This also proves that the projections
7t [Lico Mi — M; restricted to M are module maps. They give us the
maps needed to complement M to a cone.

Given any other cone (E, (gi: E — M;)ico), we define the mediating mor-
phism h: E — M by h(z) = (gi(z))ico. Again, it is obvious that this is
well-defined and a module map, and that it is the only possible choice. [J

We also have the dual:

Theorem 1.12. Let A be an involutive quantale. Then the category of
pre-Hilbert A-modules has colimits of arbitrary diagrams.

Definition 1.13. Let C be a subcategory of MOD 4 and let M be a module
in C.
(1) M is called faithful if moa = mob for allm € M implies that a = b.
(2) M generates X € C if there is a direct sum Hwel“ M of copies of M
and an epimorphism ¢ : HvEFM — X in C. M is a generator for
C, if M generates all modules X € C.
(3) M cogenerates X € C if there is a direct product [],cp M of copies
of M and a monomorphism ¢ : X — HweF M in C. M 1is a cogen-
erator for C, if M cogenerates all modules X € C.

Lemma 1.14. Let A be a right separating involutive quantale, M be a full
right Hilbert A-module. Then M is faithful.

Proof. Let a,b € A such that moa = mob for allm € M. Then (n,moa) =
(n,mob) for all m,n € M ie. (n,m)-a = (n,m)-b for all m,n € M i.e.
a=b. g
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Lemma 1.15. Let A be an m-reqular involutive quantale. Then A is both
a generator and a cogenerator for C4 € {mreg — HMOD 4, mreg — Hilby}.
More exactly, for every M in C4, M is both a quotient module and a sub-

module of the sum | ],,cpy A = []nen A= AM.

Proof. We shall use the compact maps m~ : A — M and m* : M — A,
m e M.

They give us compact maps py : AM — M, py = Qm) and i :

M — AM iy = QF
. . (m)mepr? 0" T : . ) :
M 1is a Hilbert A-module iy is injective and since M is essential pys is

surjective. Namely, for any n € M, there is an element u,, € AM defined by

P (Un) :\/{aEA:moaSn}

such that n = \/,,cam ¢ pm(un) = Par(un). O

meM
; here m,, oiyy = m* and pps o 1, = Mm”™. Since

Note that the surjective module map pas : AM — M may be defined
for any essential A-module M. Similarly as in [6] we have the following
proposition.

Proposition 1.16. Let A be an m-regular involutive quantale. Then U €
mreg— HMOD 4 (U € mreg— Hilby) is faithful if and only if it cogenerates
a generator.

Proof. Suppose that U is faithful. Then the module homomorphism (ad-
jointable map) f : A — UV defined by f(a)(u) = u ¢ a is monic and U
cogenerates the generator A. Conversely, let M be a generator for mreg —
HMODj and U a cogenerator of M. Let uoa=wuob for all u € U. Then
moa = mob since M is embeddable into the product of copies of U. Since
we have an epimorphism ¢ : M7 — A such that a™ o g = b™ o g we obtain
that c-a=c-bforallce Aie. a=b. (]

Proposition 1.17. Let A be an m-reqular involutive quantale. Then, for
every surjective module homomorphism p : P — M in mreg — HMOD 4, p
is the coker of a pair (u,v) of compact arrows from the following diagram.

J u p
(1.1) A P M.
v
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Proof. Note that we know e.g. from [5] or [7] that in the category MOD 4
of modules over A the diagram

D P M.

,U/

exists; here D = {(z,y) € P x P : p(x) = p(y)} is a right A-module that is
right separated, v/, v’ are the respective projections. Then p is the coker of
the pair (u/,v’) in this category. Let us form the following diagram.

1 u
ess(D) —2—+ D—— P —"— M
v |
g
f .
A\
Z

Here Z is in mreg — HMOD 4 and f is a module map from P to Z and g
is defined by g(m) = f(x) for m = p(x). Let us show that our definition is
correct. Let m € M, m = p(z) = p(y). Then f(z) = f(y) iff f(z)oa =
fly)oaforalae Aie. f(xoa) = f(yoa) for all @ € A. But the last
condition evidently holds since (x,y) € D gives us (z ¢ a,y ¢ a) € ess(D)
ie. f(xroa)= f(yoa). Since ess(D) is m-regular it is a surjective image of
A®S(D) by the module map Pess(p)- Then we have the diagram

inp u P

(D) Pess(D) . D P

A®SS ss(D) M.

Evidently, p is the coker of the pair

(u,v) = (u' 0inp o pess(D)ﬂ)/ ©1np O Pess(D)

in the category of m-regular Hilbert A-modules. Recall that

U = \/ Ul o ’LTLD © ((dly d2) < (_)) = Q(dl)(dl,dQ)eess(D)
(d1,d2)€ess(D)

and similarly
vV = Q(dg)

(dy,dg)€ess(D)
i.e. by Lemma 1.5 u and v are compact. (]

Lemma 1.18. Let A be an unital involutive quantale. Then mreg—HMOD 4
and mreg — Hilbs have free objects.

Proof. Let X be an arbitrary set. We put F4(X) = AX. Evidently, F4(X)
is an m-regular right Hilbert A-module. Let us show that it is free over X.
Evidently, the set {e; : * € X} generates F4(X) as a submodule and we
have an inclusion vy : X — F4(X) defined by = — e,. By standard consid-
erations we can check that, for any map f : X — M, M being an m-regular
right Hilbert A-module, there is a unique A-module map g : Fa(X) — M
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such that f = goix. Moreover, let us define a map h : M — F4(X) by
h(n) = ({(f(z),n))zex. Then, for all (a;).cx € AX and for all n € M, we
have
(9(az)eex,n) = (Vyex f(2)0az,n)
= Viex (f(2) 0 az,n)
= Veex @™ {f(z),n)
= ((az)zex,h(n)).

Then h = g* i.e. mreg—Hilby has free objects. Note that g = Q(s(,)) (]

zeX”
We also have the following.

Lemma 1.19. Let A be an m-regular involutive quantale. Assume that
M, N are m-regular right Hilbert A-modules and that f : M — N is an
epimorphism in C4 € {mreg — HMOD 4, mreg — Hilbs}. Then f(M) is
a right Hilbert A-module, f(M) € C4 and the induced surjective map f :
M — f(M) is adjointable whenever f is. Moreover, we have an inner-
product preserving module embedding f from f(M) to N such that f(M)

separates elements of N.

Proof. Evidently, f(M) is a pre-Hilbert A-module and, whenever M is es-
sential then also f(M) is essential.

Let us show that f(M) separates N. Let ni,ne € N, n; # ny. Then
(n1,—) # (ng,—) i.e. (n1,—)o f # (ng, —) o f i.e. there is an element p € M
such that (ny, f(p)) # (n2, f(p)). In particular,

(f(m1), =) pary = (f(m2), =) papy implies f(m1) = f(mz)

[§]

i M) is an m-regular right Hilbert A-module. Clearly, for an adjointable
/s

is adjointable since
(f(m1), f(m2)) = (f(m1), f(ma)) = (m1, f*(f(m2))) .

Note that the inclusion f : f(M) — N, f(m) — f(m) is evidently a
module map preserving inner-product. [l

i
i

Corollary 1.20. Let A be an m-reqular involutive quantale. Assume that
M, N are Hilbert A-modules and f : M — N is an epimorphism in C4 €
{mreg — HMOD y,mreg — Hilbs}. Then f is a surjective map iff f is
adjointable.

Proof. Evidently, if f is surjective then f = idy. Conversely, let f be
adjointable and assume that n & f(M). Then, for any m € M there is an
element u,, € M such that

(Fm), £ () # (0, ) = (m F(Fn))) = (£, Fam) ) -

But f*(n) = f(m) for some m € M, a contradiction. O
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Corollary 1.21. Let A be an m-reqular involutive quantale. Assume that
M, N are m-reqular right Hilbert A-modules and [ is an epimorphism in
Ca € {mreg — HMOD 4, mreg — Hilba}. Then f is a surjective map iff f
is a coker in Cy4.

Proof. Evidently, if f is a surjective map so it is a coker of maps u and v by
Proposition 1.17. Conversely, assume that f is a coker of u and v. Then we
have the commutative diagram.

|
s

f(M)

Here s : N — f(M) is the unique module (adjointable) map such that
f=so0f. Then

fo(sofy=fof=f

i.e. fos=idy. Hence f is onto i.e. f(M)=N. O

Definition 1.22. Let A be an m-reqular involutive quantale, M, N € Cy4,
Cy € {mreg— HMOD 4, mreg— Hilbs}. Assume that f : M — N is a mor-
phism in Ca. We shall denote by fCa the category with objects all triples
(e, X,m), e : M — X an epimorphism in C4, m : N — X an injective

module map such that e = mo f, and as arrows (e, X, m) I, (e, X" m’) all

module maps g : X — X' such that ¢ = goe and m’ = gom as maps. In
pictures,

M / - N
objects (e, X,m) : \ / ;
X
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f

M N

arrows (e, X, m) R (e, X' m'y

with the diagram commutative.

Proposition 1.23. Let A be an m-reqular involutive quantale, Y, Z € Cpy4,
Ca € {mreg — HMOD 4, mreg — Hilbs}. Assume that ¢ :' Y — Z is an
epimorphism in Ca, G : Y — q(Y) is the induced surjective module (ad-
jointable) map and G : q(Y) — Z is the induced injective module map. Then
q 1is surjective if and only if the triple (q, Z,q) is couniversal in gC4.

Proof. Let ¢ be surjective and let (e, X,m) be in gC4. Then from the
first diagram we have that (q,Z,q) is couniversal since ¢ = § and § =
idz. Conversely, suppose that (g, Z,q) is couniversal. From the second
diagram we have that (g, q(Y),idyy)) is couniversal as well. Since there is
an isomorphism h : Z — ¢(Y') such that g = h o ¢ we have that g = h~ 107
is surjective.

y Y g q(Y)
e e m
q 9 X ‘
idy(v)
m
q(Y)
O

Definition 1.24. Let A be an m-regular involutive quantale, M € Cpy,
Ca € {mreg— HMOD 4, mreg—Hilby}. Then M is called weakly projective
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in C4 if to every diagram in Cy
M

2

Y VA

q

such that q is a surjective morphism there is a morphism ¥ : M — Y making
the diagram commutative.

Proposition 1.25. Let A be an unital involutive quantale. Then A is weakly
projective in C4, Cy € {mreg — HMOD 4, mreg — Hilba}.

Proof. Assume that we have the diagram from 1.24. Then there is an ele-
ment y € Y such that ¢(y) = ¢(e). Define ¢ : A — Y by 1(a) = yoa. Then
evidently 1 is an adjointable A-module map such that ¢ o 1. U

Corollary 1.26. Let A be an unital involutive quantale. Then A” is weakly
projective in C,4, Cy € {mreg — HMOD 4, mreg — Hilby} for any index set
J.

Proposition 1.27. Let A be an unital involutive quantale, M € C4, Cy €
{mreg— HMOD 4, mreg— Hilba} Then M is weakly projective in C 4 if and
only if M is a retract of a free Hilbert A-module.

Proof. Assume that M is weakly projective. Since M is a surjective image of
A’ by some ¢ : A7 — M we have a morphism 1 : M — A’ (taking ¢ = idy)
such that idy; = g o 1. Conversely, let M be a retract of a free Hilbert A-
module A7, r : A7 — M the retraction and i : M — A’ the embedding such
that r o4 = idys. Let Y, Z be Hilbert A-modules, q : Y — Z a surjective
morphism, ¢ : M — Z a morphism. Since A7 is weakly projective there is
a morphism 1’ : A7 — Y such that o’ = por. Let us put ¢ = ¢/ oi.
Then
goy =gqoyoi=poroi=gy.
O

2. THE EILENBERG-WATTS AND FUNDAMENTAL MORITA THEOREMS FOR
HILBERT MODULES

Definition 2.1. We say that two m-regular involutive quantales A and B are
Morita equivalent if there exist x-functors ' : mreg— Hilby, — mreg— Hilbp
and G : mreg — Hilbp — mreg — Hilby, such that FG = Id and GF = Id
unitarilly. Such F' and G will be called equivalence functors.

Theorem 2.2 (Eilenberg-Watts theorem for m-regular involutive quan-
tales). Let A and B be m-reqular involutive quantales and let F' be a colimit-
preserving *-functor from mreg — Hilby to mreg — Hilbg. Then there is a
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right Hilbert A — B bimodule Z such that F(—) is naturally unitarily iso-
morphic to the interior tensor product (—)®aZ. That is, there is a natural
isomorphism between these functors, which implements a unitary isomor-
phism F(Y) 2 Y®aZ for allY € mreg — Hilba.

Proof. Define Z = F(A). Then Z is an m-regular right Hilbert B-module.
We make Z into a left A-module by defining a @ z = F'(L(a))(2), for a € A,
z € Z. Here L(a) : A — A is the adjointable map b — ab. Let us check that
Z is a right Hilbert A — B bimodule. We have

(aox,y) = (F(L(a))(z),y)
= (x,F(L(a))*(y))
= (x,F(L(a)*)(y))
= (x,F(L(a"))(y))
= (r,a*ey).

Now, we shall check that Z is essential with respect to e. Note that we
know that the map p: A4 — A, p = Ve L(a) o m, is surjective i.e. it is a
coker of adjointable maps in rm mreg — Hilby. Then F(p): F(A)A — F(A)
is a coker in mreg — Hilbg i.e.

F(p)=\/ F(L(a)) o F(ma) = \/ a e F(m,)
acA acA
is surjective by Corollary 1.21.

It follows that, for all Y € mreg — Hilbs, the interior tensor product
Y®aZ is well defined. We define an adjointable map 7y : Y®4Z — F(Y)
by v (y®az) = F(L(y))(z), where L(y) : A — Y is the map L(y)(a) = yoa.
Let us prove that 7y is a unitary natural transformation.

First note that for Y = A this is easy, in fact 7, is the canonical unitary
isomorphism from

AT F(A) = (A@aF(A))! = F(A) = F(A7).
This is because if y = (a;)jc; € A”,z € F(A) then

(a)jes®az = (a;@42)jes — (aj ® 2)jer
= (F(L(a;))(2))jes = Vje; F(ij)(F(L(a;))(2))
Vjes F(ij o L(a;))(2)
\/]eJ F(L (Z'](a])))(z)
F(V;es L(ij(a;)))(2)
= F(L (\/]GJ ij(a;)))(2)
— FLH))
= Ty (y®az).
Now fix Y € mreg — Hilby. We have then the following commutative
diagram for a suitable index set J such that py is the coker of adjointable
maps u, v.

u AY Py

Y

(2.1) Al
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Applying F, (—)®4Z and again F we get a diagram.

F(u) F
F(AY) ———= F(AY) _Fly) | F(Y)
F(v
Ths Thy Ty
. u®AidZ 2 A1 .
(2.2) e Y,z PYOAT g
VR Aidz
TAJ TAY TY
F
F(A7) Favy —F®Y) gy
F(v)
We shall first check that the diagram is commutative.
Note that
v (py(w)®az) = F(L(py(w)))(z)
= F(py)F(L(w))(2)
= F(py)ray (w®az)

(
for w € AY, z € Z. Similarly, let y € Y, w = (az)zcy € AY, 2,2/ € Z.
Then

v (az)zey,y) ® 2)
Y(ax)m€Y> L Z,, Z>
= Veey ((y,700a,) 02, 2)

Viey (F(L((y, 0 az)))(2'), 2)

&l

(Py®aidz((as)eey ©a2), y®az) = Ez,

=
°

and
F(py) o T ((ax)aey @), yé1%)
((F(py OTAY)((ax)xeY®AZ) Ty (y®a2))
< F( OF(pY) OTAY)((ax)xEY®AZ/> >
= (V. )* o py 0y o L(az)) (), 2)
= Ve <( ((<7 —))o(zo(=))o(ay ( ('), 2)
= Vg;ey (F(L({y,z 0 az)))(2"), 2) -

Then, since the upper and lower horizontal lines of the diagram (2.2)
produce the respective cokers F(py), the composite right square of this
diagram is a pushout in mreg — Hilbp.

F(py)

((ry- o

F(AY) F(Y)
(2.3) idp(av) Ty O Ty
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Le. 7y o 7y = idp(y). Similarly, we have this commutative diagram.

. 5 4id .
AY &7 Py ®aldz YéaZ
(2.4) dgvg,z idyg,z| [Ty oTy
. 2 4id :
Aoz PYOAZ e g

Since py®4idy is a surjective adjointable map it is an epimorphism and
we have 7y o 7y = idyg , 4
Let f: X — Y be a morphism in mreg — Hilbs, x € X and z € Z. Then

(ty o (f®aidz))(r®42) (L(f(2)))(2)

(f o L(z))(2)
(S)F(L(z))(2))
(F(f)orx)(x®a%)

F
F
F

and since Ty, 7y are unitary also
Ty o F(f) = (f®aidz))Tx
i.e. Ty, Ty are natural transformations. O

Lemma 2.3. Let A and B be m-reqular involutive quantales and let X1 and
Xy be essential right Hilbert A — B bimodules such that Fy = (—)®AX1 and
Fy = (=)®aX2 are functors from mreg — Hilbs to mreg — Hilbg. Then F
and Fs are equivalent if and only if X1 = Xo unitarily and as bimodules.

Proof. Assume that o : I} — F5 is a natural isomorphism such that ays :
Fy (M) — F»(M) is a unitary map. Then we have the following diagram.

. o .
AB X1 —2 AdaX,

KX, XXo

X1 h Xo
Here xx,(a®az) = a o, kx, = X%, and h = xx, 0 as o kx,. Left mul-
tiplication in A are adjointable maps, so a natural transformation a4 has
to preserve them. From [11] we know that xx, and xx, are unitary maps
and bimodule homomorphisms. Hence h is unitary and bimodule homomor-
phism. The other direction is evident. (I

The following theorem is an involutive quantale version of Morita’s fun-
damental theorem.

Theorem 2.4. Let A and B be m-regular involutive quantales. Then A and
B are Morita-equivalent if and only if there are an essential right Hilbert
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A — B bimodule X and an essential right Hilbert B — A bimodule Y such
that XY =2 A and YR 4 X = B as bimodules.

Proof. We have F(—) = —©4X and G(—) & —®gY. Composing these two
we obtain
A GF(A) 2 Ao X®Y = X®gY.

Similarly, Y® 4 X = B, and this identification and the last are unitarily, and
as bimodules, the latter exactly as in pure algebra [3].

Conversely, let A : X®pY — A be the unitary isomorphism, F(—) =
—~®4X and G(—) 2 —®gY. Then

(GF)(M) = M&,X®pY.
Let us define
TM = Tpf © (id]\/[@A)\),
where 7y : M®4A — M is the canonical unitary isomorphism defined by

m®aa — moa. We get a natural isomorphism 7 : GF — Ideq—mith,- By
symmetry, A is Morita equivalent to B. ([l

Corollary 2.5. Let A and B be unital involutive quantales. Then A and
B are Morita-equivalent if and only if their categories of weakly projective
m-regular right Hilbert modules are equivalent.

Proof. 1t follows from the fact that weak projectivity is a categorical prop-
erty. Hence weakly projective objects are mapped on weakly projective ob-
jects. Conversely, any equivalence between categories of weakly projective
m-regular right Hilbert modules can be easily extended to an equivalence of
m-regular right Hilbert modules. O

We recall that if A and B are m-regular involutive quantales then an
imprimitivity Hilbert A — B bimodule is an A — B bimodule X, which
is a full m-regular right Hilbert B-module, and also a full m-regular left
Hilbert A-module, such that (z,y)z = z(y, z) p whenever z,y,z € X. The
existence of such an X is the definition of A and B being strongly Morita
equivalent. Our theorem gives a functorial characterization of such an X,
and of strong Morita equivalence of A and B.

Theorem 2.6. Let A and B be m-regular involutive quantales. Suppose
that F': mreg — Hilby — mreg — Hilbg, G: mreg — Hilbp — mreg — Hilby
are equivalence *-functors, with FG = Id and GF = Id via unitary natural
isomorphisms. Then A and B are strongly Morita equivalent. Moreover,
the A — B bimodule X = F(A) from the FEilenberg-Waltts theorem is an
imprimitivity bimodule implementing the strong Morita equivalence. As in

that theorem, F(—) & —®4X naturally and unitarily. Conversely, any A—B
imprimitivity bimodule X implements such a functorial isomorphism.

Proof. It follows from the fact that X is an imprimitivity A — B bimodule
if and only if there is an essential right Hilbert B — A bimodule Y such
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that X®@pY = A and Y®4X = B as right-Hilbert bimodules (see [11]) and
Theorem 2.4. O

Proposition 2.7. Let A, B and C be m-reqular involutive quantales. Then
the unitary isomorphism classes of equivalence functors mreg — Hilby —
mreg— Hilbp are in a 1-1 correspondence with the unitary equivalence classes
of imprimitivity A— B bimodules. Composition of such functors corresponds
to the interior tensor product of the bimodules.

Proof. Every imprimitivity A — B bimodule X gives rise to an equivalence
(—)®aX : mreg — Hilby — mreg — Hilbg, the isomorphism type depends
only on the isomorphism type of X (as we saw in Lemma 2.3). Conversely, if
F : mreg— Hilby — mreg— Hilbp is an equivalence, F'(A) is an imprimitivity
A— B bimodule and its isomorphism type depends only on that of F. If Y is
an imprimitivity B —C bimodule of an equivalence functor, the composition
of the equivalences mreg — Hilby — mreg — Hilbg — mreg — Hilbo is
given by (—)®4(X®pgY). In particular, X®gY is an imprimitivity 4 — C
bimodule. O

Corollary 2.8. Let A be an m-reqular involutive quantale. Then the unitary
isomorphism classes of self-equivalence functors mreg — Hilby — mreg —
Hilbs under a composition form a group isomorphic to the group of the
unitary equivalence classes of imprimitivity A — A bimodules.

Corollary 2.9. Let A and B be m-regular involutive quantales. Then A and
B are Morita-equivalent if and only if A% and B are Morita-equivalent.

Proof. Let A and B are Morita-equivalent. Then we have an imprimitivity
A — B bimodule X. Then Y with the same order and inner products as X
and equipped with operations ae;x = a* e x and x o4b = o x™* is evidently
an imprimitivity A4 — B? bimodule. (]

Proposition 2.10. Let A be an m-regular involutive quantale. Then A is
Morita equivalent to the matriz quantale M7 (A).

Proof. Note that MY (A) = K4(A7, A7), O

Proposition 2.11. Let S be a sup-semilatticce with a duality. Then the
involutive subquantale Qo(S) of Q(S) that is generated by right-sided ele-
ments of Q(S) is Morita equivalent to the 2-element Boolean algebra 2. In
particular, M”(2) is Morita equivalent to 2.

Proof. Recall that Qg(S) = K2(S,5). O

Lemma 2.12. Let E be an imprimitivity Hilbert B-A bimodule with A =
K2(S4), Sa being a sup-lattice with a duality. Then there is a sup-lattice
with a duality Sp such that B = Ko(Sp) and E = K2(S4, Sp).

Proof. We write ¢ for the identity representation of K2(S4) on S4 and put
Sp = E®4854. Left multiplication in the first component of Sg then defines
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a faithful representation of B ~ K 4(F) onto Sp i.e. B ~ K2(Sp) (see [11,
Corollary 1.13]).
Now we shall define a mapping

0: E — A2(S4,SB), x — (s — x@45).
Namely,
(O(2)(s),y0at) = (xR 45, y®at) = (s, (x,y) 4 o 1)
i.e.
O(x)" (yoat) = (z,y) 4 o t.
We also observe that

O(z)"O(y) = (z,y)4 -

If a € A, then
O(zoa)(s) = (z0a)R4s = xR0 ® 8,
so that
O(E)=0(EcA) CO(E)oKa(Sa) € K2(Sa,SB).
Similarly,
Oygats = y@at o (s,—) = O(y) 0 O
ie.

/CQ(SA,SB) - @(E) O/Cz(SA) - @(E)
So we conclude that
O(E) = K2(54,5B)-

It is a straightforward computation that © is an isomorphism of Hilbert
bimodules. U

Lemma 2.13. For any m-reqular involutive quantale A,
AA(A) N 4 A(A) = HMODA(A)N AHMOD(A).

Proof. It is enough to show that any bimodule endomorphism f: A — A is
adjointable. Note that

(m, f(n)) = m*- f(n
= f(m"-n)
f(m*) -n
(f (m*)*)" -
= (f(m*)*,n)pforallm,ne A
i.e. f has an adjoint. O

Definition 2.14. Let A be an m-regular involutive quantale. The set of
adjointable natural transformations from the identity functor Idmreg— Hib,
to itself is called ANat(A). It is a unital commutative involutive quantale
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with the composition of natural transformations as multiplication, with the
adjoint of a natural transformation as involution

My My
f [l — I*
N NN N N N N
and with the join given by
MMy ar Vit
f fl.i€l +—  f f
N Uiy N N \/i NN N

The centre of A is the unital commutative involutive quantale Cen(A) =

AaA(A) N 4A(A).

The elements of Cen(A) are by Lemma 2.13 A-bimodule endomorphisms
on A. Note that evidently Cen(A) is commutative since, for all a € A,
a=\;a;-bj, f, g € Cen(A), we have

(fog)a) = (foy)

I
—
NS

Whenever A is commutative we can see A as a complete *-ideal of Cen(A)
by identifying an element ¢ € A with the bimodule endomorphism on A
induced by multiplication by a.

The following theorem is based on the theorem 4.2 from [2] for involutive
rings.

Theorem 2.15. Let A, B be Morita equivalent m-regular involutive quan-
tales. Then

(1) Cen(A) and Cen(B) are isomorphic as involutive quantales.
(2) If A and B are commutative then A and B are isomorphic as invo-
lutive quantales.

Proof. (1). By Theorem 2.6 there is an A — B imprimitivity bimodule X im-
plementing the Morita equivalence. We shall now define a map v : Cen(A) —
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Cen(B) by the prescription

YN (iri o yidg) = \/ (@i, f(ri) @ yidgs

% %

for all z;,y; € X and r; € A. Let us check that ~ is well defined. Assume
that

\V (@iyri o yidp = \/ (uj.pj 0 v5).
( J
Let z,t € X and ' € A. Then

(z,r" o t)g - (V; (i, f(ri) @ yi)p) ida f(ri) e yip

(t, i)y - 7Ti) @ Yi)g

: vz xzaﬁ'?/z) )
V;

u]ap] L d U]>B)

B Vj(u] f(ps) @ vj)p).

<.
—~

Then
YNWV;6) = WAV Vier, (1] o) )

B
= \/j szIj < e ( z) .yi>
= V() WVae, (ahdiond) )
= V7))
i.e. v(f) is a sup-lattice homomorphism. Now, let b, ¢ € B,

b= \/(azi,m °yi)p .

i

Then
Y- c) = )V, (@i ri ey oc)p)
= V(i f(ri)eyioc)p
= V(@i f(ri) eyi)p - c
= (D) -c
and
v(f)(c-b) YV {@ioc™, i o yi)g)

\/'L <‘T’L7 f( ) i yl)B
-y (f)(b)

i.e. y(f) is an bimodule endomorphism.

V, (w0 e, (i) o i)
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Let us check that « is an involutive quantale homomorphism from Cen(A)
to Cen(B). Let f,g, f; € Cen(A), j € J. Then

WV IV warioydy) = V{2V i) o)
=V, V, (@i, fi(ri) e yi)p
VvV (@i, ri o yi)g),

V)NV (zirioyi)g) = V(i f*(ri) e yi)p
= Vi@, f(r])" e yi)g
= \/z <f(’l“ ) L x’hyZ)
= (Vilyi, f(r]) e xi)p)*
= (VO Wisrf e xi)p))*
= () (V; Wi rf e xi)p)
= ()" (Vi (r] e zi,yi)p)
= )V (zisri o yi)p)

and
Vo) Vi (@irioyi)p) = Vi(zi,(fog)(ri) e yi)p
Vi (i, f(g(ri) @ yi)p
YNV (i g(ri) @ yi)p)
= (D VNV, (20 Vyriowi) ).
Similarly, we have an involutive quantale homomorphism ¢ from Cen(B)
to Cen(A) defined by

9)(\/ Alziosi,y)) = \/A (zi0g(si), i)

for g € Cen(B) and z;,y; € X, s; € B. One can easily check that J is the
inverse of 7y i.e. v provides an involutive quantale isomorphism from Cen(A)
to Cen(B).

(2). Let us assume that A and B are commutative i.e. each of these
involutive quantales can be viewed as a complete *-ideal of its centre. It is
enough to show that v(A) = B and 6(B) = A. Assume that » € A and
z,y € X. Then v(r)({z,y)p) = (z,r o y)z. Since r =\, ,(z; ¢ s;,t;) for
suitable z;,t; € X and s; € B and B is commutative we have

1)@ w)p) = V(@ alzi055:15) ¢ y)g

= \/]< (ZJOSJ) <tj’y> >B

= \/j <xv Zj >B

= \/] <$ (<t173/> SJ >B

= V(= ’A<Z]7 i) Y)g -

= (V57 %%W [y
Since B is an ideal in Cen(B) we have that

q= \/SJ Y(alzj,t5)) € B.

J
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Hence v(r) = q i.e. v(A) C B and therefore also A C 6(B). Similarly
d(B) C Aand B C~(A). O

Lemma 2.16. Let A be an m-regular involutive quantale. Then Cen(A)
and ANat(A) are isomorphic as involutive quantales.

Proof. Let ¢ € Cen(A) and let M € m-reg— Hilby. Then, since A = KC4(A)
as involutive quantales M is a right Hilbert K4(A)-module. In particular,
we have a right action o, 4y : M x Ka(A) — M that gives rise to a non-
degenerate involutive quantale homomorphism f : K4(A) — A4(M). Then
we can find its unique extension g : A4(A) — Aa(M) by Corollary 1.5 in
[10] i.e. M € MOD 4,4y with the right action o 4,4y : M x Aa(A) — M.
Moreover the map oy @ M — M given by m — mo 4, 4)¢ is adjointable.
Namely,

b-(n,onp(m))-a =

NSENSIES RS IS NS S
5
2
¥

no(b)*,m)-a
no d)*(b*)a m> a
noy*ob*,m)-a

= b-(noy*,m)-a.
Therefore (n,op(m)) = (no*,m) ie. oy is adjointable. Hence the map
® : Cen(A) — ANat(A) given by ¢ —— (onr : M — M, m — mo,(a)¥)
defines an adjointable natural transformation since any adjointable map
preserves the right action. This is easily checked since

o~~~

(hoopy)(m)oa = h(oy(m)oa)

= h(movoa)

= h(mo(a))

= h(m)ob(a)

= h(m)oyoa

= op(h(m))oa

= (opmoh)(m)oa
i.e. hooy = opoh. Conversely, if o : Idmreg— min, — Idmreg—Hin, 18 an
adjointable natural transformation then o4 € Cen(A). O

The following theorem provides a fully categorical proof of the first part
of the Theorem 2.15.

Theorem 2.17. Let A, B be Morita equivalent m-regular involutive quan-
tales. Then ANat(A) and ANat(B) are isomorphic as involutive quantales.

Proof. Let F : mreg — Hilby — mreg — Hilbgp be the unitary equivalence
functor. Then there is a functor G : mreg— Hilbp — mreg— Hilb4 such that
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we have natural unitary isomorphisms 7 : GF — Idmreg—gi, and ¢ : FG —
Idmreg— Hilby- Similarly as in [6] let us define maps 7" : ANat(A) — ANat(B)
and S : ANat(B) — ANat(A) by the prescription

o (CvoFlogm) o (v and p— (a0 G(prmry) © M )M
Note that since 7y is a unitary isomorphism we have that
oaron) = GF(on) and ograny = GF(ogmv))-

So we have the following pair of commuting diagrams, the second diagram
is an application of the functor F' to the first diagram.

GFGF(M) CFlogrn) GFGF(M)
G(Cra)) G(Cr))
GF(M) ii;ﬁ% ) Gr(M)
M nrm
M o M
FGFGF(M) FGForer)) FGFGF(M)
FG(Crr) FG(Cran)
FGF(M) 5 (i]: ;‘(’AZ)) - FGF(M)
F(nu) F(nrm)
F(M) Flow) F(M)

Hence, from the second diagram, we have
F(om) o F(nu) o FG(Crany) = F(nur) o FG(Cpary) © FGF (0 parar)-
In particular,
F(oun) = F(nar) o FG(Cran) © FGF (oparan) © FG((alyy) © i)

F(oum) = F(nu) o FG(T (o) pan) © F(nyf)-
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Hence oy = ST(0)py. Similarly, py = T'S(p)n ie. ST = idpANat(a) and
TS =id ANat(B)- Note that we have the following commuting diagram

GFG(N) Gif;(NN)’) GFG(N)
G(CN) G(CN)
G(N) 2o (V)

G(Cv) 0 GF(og(ny) o G(¢N")
This gives us that

oav) = G(Cv) o GF(og(ny) 0 G(CYY)

i.e. the diagram

UG(N1) R G(Nl)
G(Cn,) 0 GF(og(ny)) 0 G(CR,)

G(f) G(f)

G(N1)

OG(N:
G(Na2) () — G(N2)
G(<N2) © GF(UG(Nz)) ° G(CNQ)
commutes. Hence also the following diagram commutes

N —+ Ny
(N o Fogvy)) © Gy,

f f

2 — N

(v, © F(og(ny)) © Gy,
i.e. T'(0) is a natural transformation and it is evidently adjointable. Similarly
for S(p). Evidently, T and S are involutive quantale isomorphisms. O

Corollary 2.18. A unital involutive quantale is Morita equivalent to a com-
mutative m-reqular involutive quantale C if and only if it is equivalent to its
own centre.
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