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Abstract. Fermions and bosons are the fundamental particles of nature, and
they are naturally described mathematically by using the methods of super-
symmetry. These methods are illustrated here by consideration of a number
of physical examples which arise in non-relativistic and relativistic quantum
mechanics.

1. Introduction

Matter occurs in nature in two forms: particles of integral spin are bosons, parti-
cles of half-integral spin are fermions. Bosons and fermions obey different statis-
tics: Bosons obey Bose-Einstein statistics, fermions obey Fermi-Dirac statistics. In
quantum field theory this difference arises because the bosons obey fundamental
equal-time commutator relations, whereas fermions obey anticommutation rela-
tions. At the macroscopic level these differences lead to spectacular effects: Fermi-
Einstein statistics and the associated Pauli exclusion principle is responsible for
the existence of the shell structure of atoms and nuclei. On the other hand, Bose-
Einstein statistics lead to the phenomena of Bose-Einstein condensation, which
was directly observed for the first time in 2001. The discoverers were awarded the
Nobel Prize in Physics in 2001 [4]. The Nobel Prize in 2003 honoured the theorists
who succeeded in explaining the phenomena of superconductivity and superfluid-
ity, which are also due to the Bose-Einstein condensation of Cooper pairs [1].

In order to achieve a unified treatment of bosons and fermions in theoretical physics
new methods which have their origins in supersymmetric field theories are neces-
sary. While the supersymmetry predicted in field theory for elementary particles
has not yet been observed, it has been observed in nuclear physics [11]. It has
also become an important tool in quantum mechanics [3], in atomic, condensed
matter and statistical physics [12], in the description of gauge theories [2], and in
mathematics [10].
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52 Allen C. Hirshfeld

While for the description of bosonic physical systems in classical and quantum me-
chanics real and complex numbers are sufficient, for fermions we must use Grass-
man and Clifford variables, respectively. To pass from the classical to the quantum
level we use the method of deformation quantization, which I have discussed in my
lectures for the previous Varna Conference [7]. We shall see in the following that
this method leads directly from the Grassman algebra which describes fermionic
variables at the (pseudo-) classical level to the Clifford algebra necessary for the
description of fermion variables at the quantum level.

In this presentation I will cover the following topics:

e Pseudoclassical mechanics

Quantization
The bosonic oscillator

The fermionic oscillator

The supersymmetric oscillator
e Supersymmetric quantum mechanics

Non-relativistic spin and the Pauli equation

Relativistic spin and the Dirac equation

2. Pseudoclassical Mechanics

Fermions in nature are directly observed only at the quantum level. Because of
the Pauli principle they do not have a classical limit in the same sense that bosons
do. Nevertheless, the description of fermion systems at the classical level is neces-
sary in order to achieve a unified conception of matter. The dynamics of a system
containing both bosonic and fermionic degrees of freedom is the domain of pseu-
doclassical mechanics.

In pseudoclassical mechanics we deal with systems involving bosonic degrees of
freedom, which we describe in terms of ordinary complex variables {g'}, and
fermionic degrees of freedom, which we describe in terms of Grassman variables
{1}, and which satisfy anticommutation relations

PP + Py = 0. .1

Thus our system involves variables of different Grassman parity: e(q’) = 0,
€)= 1.
The system is characterized by a Lagrange function L(g’, ¢, %, wo‘) The index ¢

runs over the range of bosonic degrees of freedom, the index « over the fermionic
degrees of freedom. The dot indicates differentiation with respect to time. The
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conjugate momenta are
oL oL

pi = 53" Mo = i 2.2)
The corresponding Hamilton function is
H(q',pi, " 7o) = §'pi + "0 — L. 2.3)
The Hamilton equations describing the dynamics of the system are
i OH . OH
T T o 2.4)
. o0H O0H ’
1#:—%, Wa:_azba.

These formulae are usefully rewritten in terms of the super Poisson brackets. The
super Poisson bracket is a Zy-graded bilinear map with the following properties:
) {F,G} = =(=1)"{G, F}
(2) {F,GH} ={F,G}H + (-1)*r«cG{F, H}
@) (D) {{F.G}, HYy + (1) {{G, H}, F} + (-1)** {{H, F'}, G}
=0.
Here F', G are functions on the generalized phase space. Property (1) says that the

bracket is graded symmetric, property (2) is the graded Leibnitz rule, and prop-
erty (3) the graded Jacobi identity.

In canonical coordinates the bracket may be expressed as

O0F 0G OF 0G oF 0G oF 0G
F = i - — —1)¢F . 2.
(G} = g~ e+ (Ggrams * o) @9
The canonical anticommutation relations are then
{¢".p;} =& {y* mg} = —65. (2.6)
The Hamilton equations become
dF
- = (R H} @.7)

which have the same form as the familiar Hamilton equations for bosonic variables
expressed in terms of the ordinary Poisson brackets.

3. Quantization

We shall here use the method of deformation quantization. Since we have dis-
cussed this method in last year’s meeting, see Reference [7], the description here
will be quite brief. Although in contrast to last year we are describing here a
more general system involving both bosonic and fermionic degrees of freedom,
the generalization is formally quite straightforward. In this method the pointwise
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multiplication of functions on phase space is replaced by the star product of such
functions:

FG — F @, 3.1
where
F+G=Fexp (?QABé_» d. ) G. (3.2)

2AYZB

Here the indices A, B range over the dimension of the generalized phase space,
za = {q", pi, ¥, 7} and the a4 p are the coefficients of the generalized Poisson
structure,

{F,G} = o*PF (8.,3.,) C. (3.3)

The time-development is controlled by the following equation, which corresponds
to the time-dependent Schrodinger equation in the ordinary formalism:

d
ih— Exp(Ht) = H  Exp(H?). (3.4)

For time-independent Hamilton functions the solution of this equation is given by
the time-evolution function

1 /—it\"
Exp(Ht) =) — (Tl) H™ (3.5)

where H™ = H % H % --- x H. The time-evolution function admits a Fourier-
Dirichlet expansion of the form

Exp(Ht) = Y g e E/A, (3.6)
E

Here the g are projectors (also called in the literature Wigner functions). They
satisfy the idempotence and completeness relations

TE* T = OppTE, Y mp=1 (3.7)
E
Corresponding to the time-independent Schrodinger equation we here have
Hxngp=FE7g. (3.8)
The spectral decomposition of the Hamilton function is

H=) Erp. (3.9)
E
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3.1. Constraints

For the dynamical systems we are treating here it will be necessary to incorpo-
rate some constraints according to Dirac’s method [5], which is generalized in a
straightforward way to the pseudoclassical context [6]. The constraints will be
denoted by

xXi(q', pi, V™, 7o) = 0 (3.10)

where the index ¢ runs over the number of constraints. First class constraints have
vanishing brackets among themselves:

e xt =0 (G-11)
whereas second class constraints have non-vanishing brackets:
s xst = Cij (3.12)

where the matrix Cj; is non-singular. Instead of the ordinary graded brackets we
have to use in systems involving second class constraints the Dirac brackets, de-
fined as

{F.G}p = {F.G} — {F, x:}C"{x;, G} (3.13)

where C is the inverse matrix to C;;. After replacing all relevant graded brackets
by Dirac brackets the second class constraints are to be imposed as strong con-
traints:

Yi = 0. (3.14)

4. The Bosonic Oscillator

In this section we illustrate the deformation quantization method for the bosonic
oscillator. We use the Moyal star product:

—

h — = —
FxG = Fexp [5(&18& — 656(1)} G. 4.1

Here a, @ are the holonomic variables, given in terms of the coordinate and mo-
mentum variables by

a= f(qﬂﬁ), = f<q—i£). 4.2)
2 w 2 w

axa=aa+h/2, axa=aa—h/2. 4.3)
The star commutator is defined as

[F,Gl« = F+«G—G=xF. (4.4)

They satisfy



56 Allen C. Hirshfeld

The star commutators for a and a are reminiscent of the commutator relations in
ordinary quantum mechanics:

[a,a]l. = [a,a]l. =0, [a,a]«=h. (4.5)
The Lagrange function for the simple harmonic oscillator is
1.
L=3(¢" - ') (4.6)
while the canonical momentum is p = ¢, and the Hamilton function is
1
H = (0" +w'q). 4.7)
The time-evolution function is
1 2H wt
Exp(tH) = ———< ex — Jtan | — . 4.8
<p(tH) cos (%) GXP[<1M> an<2>} “9
It has the Fourier-Dirichlet expansion
Exp(Ht) = Y e {n+1/2ety, (4.9)
n
with the projectors
- 1
o =270,y = ™ o x a” (4.10)

for the ground state and the n-th excited state, respectively. The equivalent of the
Schrodinger equation is

Hxm, = (n+ 1/2)hwny,. 4.11)
The energy eigenvalues are
E,=(n+1/2)hw. (4.12)
We also use the normal star product:
F+C = Fexp (héaéa) G. (4.13)
In terms of this product the variables a, & satisfy
axd=aa+h, axa=aa, |[a,dl,=h. (4.14)

The time-evolution function using this product is
H .
Exp(Ht) = e o exp [(E) e_“"t} . (4.15)

The Fourier-Dirichlet expansion is

Exp(Ht) =Y e ™', (4.16)
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from which we easily read off the projectors:

_H 1 -n n
g = € hw, Wn:hnn!a x Mo *ka. “4.17)
The equivalent to the Schrédinger equation is
H x 7, = nhm, 4.18)

and the energy eigenvalues are

E, =nhw. 4.19)

5. The Fermionic Oscillator

We need two Grassman variables to describe the simplest fermionic system. The
appropriate Lagrange function is

i . . ]
L= (¢ +9%?) + iwy'y’. (5.1)
The conjugate momenta are

mz—gmw, (5.2)

where o, 3 = 1,2. We obviously have the following constraints between the phase
space variables:

i
Yo = Ta + 550431,%3 ~ 0. (5.3)
The Hamilton function is
H = ¢"n, — L = —iwp ¢, (5.4)
The constraints are second class:
{Xa» X8} = —10as. (5.5)
The Dirac brackets are
1 0 0 1 0 0 o 0 i o0 0
{F,G}D:F<— - +i - )G.
200 0n,, 2 Oy OY™ oY Y™ 4 0m, O7g
(5.6)
Now implement the constraints, and set
i
T = —§5Q'E]wa (57)

The Dirac brackets then become

.6 8
{F,G}D:FCW awa)G' (5.8)
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The fermionic star product uses the Dirac bracket:

F*GzFexp(h o 9 )G. 5.9

2 O O
The canonical anticommutation relations are
{0, ¢} = ¥ %y + ¢ x ™ = R6*. (5.10)

We see that the fermionic star product has effected a Cliffordization: the Grassman
variables 1/ have become elements of a Clifford algebra.

The time-evolution function for the fermionic oscillator is

Exp(Ht) = Z % <_Tlt>n H™ = cos <%t> — %wlzﬁ sin (%) (5.11)

where we have used

2 5 5 & & 2
@)« %) = 1 () @22 g o0 ) = — ()

oYL Ol OY? O? 2
(5.12)
We can rewrite this result for later use as
t 2H t
Exp(Ht) = cos (%) [1 + = tan (%)} (5.13)
or
wt 2H wt
Exp(Ht) = cos (7> exp [ﬁ tan (7” . (5.14)
The Fourier-Dirichlet expansion is
EXp(Ht) = 71_1/28_“"?’5 + 7T_1/2ei“’Tt (515)
with the projectors
1 i 1 i
T2 =35~ ﬁ¢1¢2, 12 =5+ ﬁ¢1¢2~ (5.16)
The eigenvalue equations are
hw hw
H*7T1/2 = 777—1/2, H*7T_1/2 = —777—_1/2 (517)

and the energy eigenvalues are

Ey = +hw/2. (5.18)
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5.1. Holomorphic Variables

As in the bosonic case we can go over to the holomorphic variables

f= (@), J=os(vt-iw). (5.19)

The star product in these variables becomes

fxf=fF+n/2, [xf=]f—-h/2 (5.20)
The star anticommutators are
U ={nn=9 {,/}=h (5.21)

so that these variables as well become elements of a Clifford algebra.

The Hamilton function for the fermionic oscillator takes a form similar to that for
the bosonic oscillator:

H=uwff. (5-22)
The star exponential becomes
Exp(Ht) = m_y jpe™! 5 m) pe™wt/2 (5.23)
with the projectors
1 1 1 1=
7T—1/2:§—Effa 7T1/2:§+ﬁff- (5.24)
The f and f act as annihilation and creation operators in the following sense:
frm_yp=fxmyp=0 (5.25)
and
f*ﬂ'_l/Q*f:hﬂ'l/Q f*7T1/2*f:h7T_1/2. (526)

5.2. The Fermionic Normal Star Product

We define the fermionic normal star product as

F+G = Fexp (h5 féf) el (5.27)
We then find
ff=ff+h  [f«f=[[ (5.28)
The star exponential becomes
Exp(Ht) = 1y 4 me” @t (5.29)

with the projectors

1- 1
Wozl—ﬁff, leﬁff- (5.30)
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The star exponential may be rewritten in a form convenient for later use as:

H .
Exp(Ht) = ehs exp [(—) e Wt (5.31)
hw
The equivalent to the Schrédinger equation is
H*ﬂ'OIO, H*lehu)ﬂ'l. (532)
Again, f and f act as annihilation and creation operators:
[xmg=fxm =0, (5.33)
and
fxmo* f=hm, fxm*f=hng. (5.34)
The energy eigenvalues are
E =0, hw. (5.35)

5.3. The Matrix Formalism

For this simple system the transition from the phase space description to the con-
ventional quantum mechanical description in terms of linear operators in Hilbert
space is particularly simple. Since there are only two states the operators act on a
two-dimensional representation space and may be represented as 2 x 2 matrices.

We have
01 = 00
f_\/ﬁ<0 o)’ f_\/ﬁ<1 o)‘ (5.36)
Another important operator is the involution operator,

T= %ff, (5.37)

which satisfies 7 * 7 = 1, so that its eigenvalues are =1. In terms of this operator
the projectors onto the eigenspaces are

1
ﬂ—il/Q == 5(1:‘:7’) (538)

In the matrix representation these operators are

-10 10 00
T = ( 0 1) ) 71——1/2 = (O O) ) 71—1/2 = (O 1) . (539)

These quantities are related to each other in the same way as in the phase-space
description, if the star products are replaced by matrix multiplication. In this way,
also in the case of more complicated representations, the star product represents
in phase space the algebraic relations which hold between quantum mechanical
operators in the conventional Hilbert space representation.
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6. The Supersymmetric Oscillator

Everything we have done up to now can be generalized and unified in the super-
symmetric context. The supersymmetric star product is

h - = — = — = — -
FxG = Fexp [<§> (&ﬁa — 858a+8f8f—+-8f8f)} G. (6.1)
The Hamilton function for the supersymmetric Bose-Fermi oscillator is

Hs=w(fxf+axa)=w(ff+aa). (6.2)

We define supersymmetric generators relating the bosonic and fermionic sectors

by
Q= \[HasP = \5eh) Q- =y\r@en =\ @  ©3

These operators are nilpotent:

Qe*Qr=Q1i=0. (6.4)
The Hamilton function may be written as
Hs = w{Q+,Q_}.. (6.5)
The Hamilton function is supersymmetric:
[Q+, Hsls = [@-, Hs|x = 0. (6.6)
With the real functions
Q=Q++Q-, Q2=-i(Q+—-Q-) (6.7)
we obtain
Hg = wQi1 % Q1 = wQ2 * Qa. (6.8)

This is the fundamental structure of all supersymmetry algebras.

6.1. The Product Ansatz

The supersymmetric star product is just the product of its bosonic and fermionic
parts. Also the supersymmetric star exponential can be obtained by a factor ansatz:

Exp(Ht) = 00;@ exp [(%’gj) tan (%t)} cos (%) exp [(%) tan (%t)}
= exp [(%th) tan (%t)}
(6.9)

where we have used the equations (4.8) and (5.14). The Schrodinger equation is

Hgs % Tnpng = (Bng + Enp )Tnp ng (6.10)
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with the projectors
Tnpng = TnpTng- (6.11)
The functions @+ act according to
Qe *Tnpnp Q- = Anpp1np—1, Q- *Tnpng *Qu = Mty _1my41. (6.12)

For the supersymmetric normal star product

F+G = Fexp [h(éaéa + é}éf)} G (6.13)
we find the time-evolution function
. H )
Exp(Ht) = o i exp [(%) e_“"t} (6.14)

by the use of equations (4.15) and (5.31).

7. Supersymmetric Quantum Mechanics

In supersymmetric quantum mechanics we generalize the concept of holomorphic
variables by introducing the variables

B = % (W(q) + %) , B= % <VV(q) — %) , (7.1)

instead the variables a, a from (4.2). The function W(q) is called a superpotential.
The appropriate star product is

h oW
F G = Fexp Em Bq (005 — 050B)| G. (7.2)
We easily calculate
_ 2 _ A OW
B,BL.=w2+2% B B,= 2" 7.
(BB} =W+ 7. [B.Bl.= =T a3
Instead of
HS = W |:(C_L * CL)7T_1/2 + (CL * C_L)7T1/2i| (74)
we now have
HS = (B * B)7T_1/2 + (B *B)ﬂ'l/Q
1 _ 1 _ 1 _ 1 _
= (3(B.BY. — 3IB.BL) wp + (B BY. + 5B BL ) m
(7.5)
1 [ p? s h OW 1 (p? 5 h OW
- £ 72 7 i 7 _
9 <m+[4 \/m aq)ﬂ_1/2+2 (TII_F[{ +\/maq 7'['_1/2

= Him_yo + Hamypo.
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We read off from here the partner potentials
1 h OW 1 h oW
Vi=-(w?o 22 Vo == (W2 ——) 7.6
179 < m dq ) r 2T ( T dq (7.6)
We thus have the twin systems

HS * 71—(—1/2,7LB) = Hl *71'”371'_1/2 = E17TTLB7T—1/2

Hg*m1jony) = Ha*Tngmijp = Eonygm)o. 77
From here we read off two bosonic Schrodinger equations:
Hi* 7y, = F1\Tn,, Hoyxmn, = Eamp,. (7.8)
The twin systems are interrelated by
Hl*(B*ﬁg;*B):EQ(B*ﬁff}g*B) 7.9)

Hj x (B*WSE? x B) = El(B*m(llB) x B)
We see that Fs is also an eigenvalue of the Hamilton function Hy, and FE is also

(2)

an eigenvalue of the Hamilton function Hy. B  my,,, * B is an eigenfunction of
Hi,and B * m(}g * B is an eigenfunction of Ho.

7.1. An Example

For a simple example of the use of these supersymmetric techniques in non-relati-
vistic quantum mechanics, consider a system described by the superpotential

W{(q) = Atanh(ag). (7.10)
This leads to the twin potentials

1 h 1
%:§[A2—A(A+ a) 1

'm /) cosh?(a
vm (aq) .1D)
1 ha 1
Vo==|A2— A (A — ) .
) l vm /) cosh?(aq)
Now choose A = ha//m. Then
h%a? 2
Vi = 1- 7.12
YT om l coshz(ozq)l (7.12)
which is known as the Rosen-Morse potential, while
h2 2
V= o (7.13)
2m

V4 is just a constant potential, which describes the motion of a free particle, whereas
the Rosen-Morse potential is more complex and describes a system which also sup-
ports a bound state. Nevertheless, we can find the eigenvalues and eigenfunctions
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of the Rosen-Morse system without solving a differential equation, just using as
input the known eigenvalues and eigenfunctions of the constant potential, and then
transforming these into the corresponding objects in the twin system by using the
relations given above.

8. Non-relativistic Spin and the Pauli Equation

To describe a non-relativistic particle with spin we shall use besides the usual po-
sition and momentum variables three Grassman variables labelled 6, 65, 3. We
introduce the Pauli star product given by

Bm = =
FxG = Fexp (52891.891.) G. (8.1)

We find that the variables 8; satisfy the relations of a Clifford algebra:

{91, 93}* = h5zj (82)
Consider the Pauli elements
ol = la‘f’ea»ak (8.3)
m 0. .

They are easily seen to fulfill the relations
{o%,07}, = 269, [0}, 07]. = 2iePFo*. (8.4)

We now want to describe a charged spin one-half particle moving under the influ-
ence of a constant magnetic field. We then have to take the position and momentum
variables explicitly into account, so we work with the Pauli-Moyal star product

" S
FxG = Fexp l(%) 3 (aqiapi — 8,18, — iagiagi>1 G. (8.5)

)

Define the supercharges

ool e,
Q=g (moi) e ()
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where A(q', ¢?) is the vector potential of the magnetic field. Then we have the
supersymmetry algebra

{Qla QQ}* — Oa
2 2
Q1*Q1=0Q2+%Q2 IQL [(m - %x‘h) + <P2 — §A2> 1 8.7

m

+ % [(pl - %z‘h) , <P2 - §A2>L(Jl x 07

together with the Hamilton function

eh

1 e - 2 =
HP:Ql*QIZ%(p_EA> — (¢-B) (8.8)

which is Pauli’s Hamilton function with gyromagnetic ratio g = 2. Note that the
quantities {Q1,Q2, Hp} form a supersymmetry algebra only for this value of g.

9. Relativistic Quantum Mechanics and the Dirac Equation

For relativistic systems we use the fermionic variables f, f to couple the particle
and anti-particle sectors.

Dirac’s Hamilton function for a massless particle is

Hp=Q=Df+Df 9.1)
where D, D have even Grassmann parity. For spin one-half particles take
D=D=-2(-p). (9.2)

NG

In matrix notation we have
N 0 co-p\ _ _
Hp = (C_._ 0 ) =:a-p. 9.3)

The Dirac star product is
h = T s = ) <
FxG=Fexp KE) (8f8f + 0505 + ZZ: (8qi8pi —i0p, 0,4 + 891.891.))1 G.

We then find

Hp+«Hp=c*G-p)*(6-p) = *p° 9.5)
which corresponds to the relation £ = |p|c for massless particles.
For massive particles and anti-particles we extend the Hamilton function by a term
involving the involution operator:

Hp=Q+M=xr (9.6)
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where
M = M+7T1/2 + M_7T_1/2 (97)
and M. are bosonic variables. We have
M % T = M+7T1/2 — M_7T_1/2 (98)

from which we see that M, are the masses of the particle and anti-particle, respec-
tively. We now calculate

HpxHp = (®p° + My« M )w g+ (PP* + M_x M_)w_y)5.  (9.9)

For M. = mc? this corresponds to the relativistic energy-momentum relation
E? = p]*c® + (mc?)%. (9.10)
In the non-relativistic limit the Hamilton function (9.1) reduces to the Pauli Hamil-
ton function of Equation (8.8). In Reference [8] we demonstrated this fact by using
the resolvent method. We have also performed a calculation based on the Foldy-

Wouthusen method which yields in addition relativistic corrections to the Pauli
equation [9].
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